TOPOLOGICAL CONSTRUCTION OF TRANSSERIES AND 
INTRODUCTION TO GENERALIZED BOREL SUMMABILITY 
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Abstract. Transseries in the sense of Ecalle are constructed using a topo- 
logical approach. A general contractive mapping principle is formulated and 
proved, showing the closure of transseries under a wide class of operations. 

In the second part we give an overview of results and methods reconstruc- 
tion of actual functions and solutions of equations from transseries by general- 
ized Borel summation with in ordinary and partial differential and difference 
equations. 
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1. Introduction 

In the first part we give a rigorous and concise construction of a space of 
transseries adequate for the study of a relatively large class of ordinary differential 
and difference equations. The main stages of the construction and the notations are 
similar to those in ri5| , but the technical details rely on a generalized contractivity 
principle which we prove for abstract multiseries fTheorem ll5|l . We then discuss 
how various classes of problems are solved within transseries. The last part of the 
paper is devoted to a brief overview of generalized Borel summation, an isomor- 
phism used to associate actual functions to transseries, in the context of DDEs, 
difference equations and the extension of some of these techniques to PDEs. 

Various spaces of transseries were introduced roughly at the same time in logic 
(see [221), analysis and the theory of surreal numbers 0; similar structures 
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were introduced independently by Berry and used as a powerful tool in applied 
mathematics, see 

Informally, transseries are asymptotic^ , finitely generated combinations powers, 
logarithms and exponentials. It is a remarkable fact that a wide class of functions 
can be asymptotically described in terms of them. As Hardy noted "No function 
has yet presented itself in analysis the laws of whose increase, in so far as they can 
be stated at all, cannot be stated, so to say, in logarithmic-exponential terms" . This 
universality of representation can be seen as a byproduct of the fact that transseries 
are closed under many common operations. 

It is convenient to take x~^, x —> +00, as the small parameter in the transseries. 
When corresponding functions are considered we change variables so that the limit 
is again x +00. 

A simple example of a transseries generated by x~^ and is 

00 

^ ^ ^kni^ X 
k,m—0 

where Ckm G C. This transseries is without logarithms or log-free, and has level one 
since it contains no iterated exponential; the simplest nontrivial transseries of level 
two is e*^ . A more complicated example of a transseries of exponential level two, 
with level zero generators x~^ and x~^, level one generator exp(a;), and level two 
generators exp(^^Q c^e'^x"'^) and exp(— e^) is 

00 

k=0 

Some examples of transseries-like expressions for x +00, which are in fact not 
transseries, are J^kLo (^^ ^^^^^ asymptoticity condition) and X^'feLo^"'^""^ (i* 
does not have finitely many generators, this property is described precisely in the 
sequel) . 

1.1. Abstract multiseries. The underlying structure behind the condition of 
asymptoticity is that of well ordering. In order to formalize transseries and study 
their properties, it is useful to first introduce and study more general abstract 
expansions, over a well ordered set. 

1.1.1. Totally ordered sets; well ordered sets. Let A be an ordered set, with respect 
to <. If X we write x > y 01 y < x. A is totally ordered if any two elements 
are comparable, i.e., if for any x,y ^ A we have x > y 01 y > x. If A is not totally 
ordered, it is called partially ordered. 

The set A is well ordered with respect to > if every nonempty totally ordered 
subset (chain) of A has a minimal element, i.e. 

A' C A => 3M e A' such that Va:; € A', M < x 

If any nonempty totally ordered subset of A has a maximal element, we say 
that A is well ordered with respect to <. 

^An asymptotic expansion is one in which the terms are ordered decreasingly with respect to 
the order relation <C where fi{x) <g; f2{x) if fi{x) = 0(72(3;)) 
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1.1.2. Finite chain property. A has the finite descending chain property if there 
is no infinite strictly decreasing sequence in A, in other words if / : N i-^- A is 
decreasing, then / is constant for large n. 

Proposition 1. A is well ordered with respect to "> " iff it has the finite descending 
chain property. 

Proof. A strictly decreasing infinite sequence is obviously totally ordered and has 
no minimal element. For the converse, if there exists A' d A such that Vx € 
A'3y —: f{x) e A', f{x) < x then for e A! , the sequence {/*■"•' (a;o)}neN is an 
infinite descending chain in A. □ 

Example: multi-indices. N is well ordered with respect to >, and so is 

- ko := {k e Z*^ : k > -ko} 

with respect to the order relation m > n iff mi > riiVi > k. Indeed an infinite 
descending sequence n^ would be infinitely descending on at least one component. 

Proposition 2. Let ko G Z*^ he fixed. Any infinite set A in N*^ — kg contains a 
strictly increasing (infinite) sequence. 

Proof. The set A is unbounded, thus there must exist at least one component 
i < M so that the set {rui : m G A} is also unbounded; say i = 1. We can 
then choose a sequence S — {m„}„gN so that (m„)i is strictly increasing. If 
the set {(m„)j : m G A; j > 1} is bounded, then there is a subsequence S' 
of S so that (m2, TOriJn' is a constant vector. Then S' is a strictly increasing 
sequence. Otherwise, one component, say (m„/)2 is unbounded, and we can choose 
a subsequence S" so that (mi,m2)n" is increasing. The argument continues in this 
fashion until in at most M steps an increasing sequence is constructed. □ 

Corollary 3. Any infinite set of multi-indices in N^'^ contains at least two compa- 
rable elements. 

Corollary 4. Let A be a nonempty set of multi-indices in N*^ — ko. There exists a 
unique anrf finite minimizer set Ma such that none of its elements are comparable 
and for any a' G A there is an a Ma such that a < a' . 

Proof. Consider the set C of all maximal totally ordered subsets of A (every chain 
is contained in a maximal chain; also, in view of countability, Zorn's lemma is not 
needed). Let Ma be the set of the least elements of these chains, i.e. Ma — 
{mine : c G C}. Then Ma is finite. Indeed, otherwise, by Corollary 0] at least 
two elements in Ma such that a\ < But this contradicts the maximality of 
the chain whose least element was It is clear that if is a minimizer then 
M'a 3 Ma- Conversely if m G M'a \ Ma then m ft a, '^a £ Ma contradicting 
the definition of A^^. 

□ 

1.1.3. Definition and properties of abstract multiseries. If ^ is a commutative group 
with an order relation, we call it an abelian ordered group if the order relation 
is compatible with the group operation, i.e., a < A and b < B ab < AB (e.g. 
M or iJ^ with addition). Let Q be an abelian ordered group and let ^ : Z*^ Q 
be a decreasing group morphism, i.e., 

(1) MO = 1. 
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(2) Aiki+k2 = A^kiMka- 

(3) ki > k2 /iki < Aik2- Then is the subgroup finitely generated by 
fiej'jj — 1,...,M where is the unit vector in the direction j in , and since 

> it follows that 

Me, < 1, J = 1,...,M 
In view of our final goal, a simple example to keep in mind is the multiplicative 
group of monomials Qi, generated by the functions a;~^/^, x~^^^ and , for large 
positive X. The order relation on Qi is /ii < /i2 if 1/^1(2^)1 < lM2(a;)| for all large x. 
When M = 3 we choose ^J.{'k) = a;-fci/2-fe2/3g-fc3:r^ 

Remark 1. The relation /iki = ^J■k2 induces an equivalence relation on IT ; we 
denote it by =. 

For instance in Qi, since 1/2 and 1/3 are not rationally independent, there exist 
distinct k' , k so that k' S : //k' = A*k • 

Remark 2. Clearly any choice of with fii < 1 for i — 1, ...,M defines an order 
preserving morphism via /x(k) = YifLi Ih'' ■ 

Ordered morphisms preserve well-ordering: 

Proposition 5. Let P C Z*^ be well ordered (an important example for us is 
P = fi^^ — koj and ^ an order preserving morphism. Then ii{P) is well ordered. 

Proof. Assuming the contrary, let J = {k„}„gN be such that fij — {/jL^^Jnefi is an 
infinite strictly ascending chain in fJ.{P). Then the index set J is clearly infinite, 
and then, by Proposition[21it has a strictly increasing subsequence J'. Then /Xj, is 
a descending subsequence of /Xj, which is a contradiction. □ 

Corollary 6. For any k £ , the set {k' g N^^ — kg : fiu' — Mk} is finite. In 
particular, given k", the set {k, k' G — kg : k + k' = k" is finite. 

Proof. By Proposition [21 the contrary would imply the existence of an strictly 
increasing subsequence of k', for which then {/ik'} would be strictly decreasing, a 
contradiction. The last part follows if we take /ik = k. □ 

Proposition 7. The space of formal series^ 

A{fii, ...,fiM) = A = {S = ^ CkMk : ko e Z^^, Ck e C} 

k>ko 

is an algebra with respect to componentwise multiplication by scalars, component- 
wise addition, and the inner multiplication 

(1) -5"^' = X! X! CkCk'Mk+k' = ^ Mk"Ck" 

k>kok'>k^ k">ko+k^ 

where 

(2) Ck" = ^ CkCk' 

k>ko,k'>ko 
k+k'=k" 



i.e. the space of real or complex functions on /i(N*^ — ko) with usual addition and convolution 
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The same is true for A{ni, ^m) factored by the equivalence relation 

(3) 5=^' ^ ^(ck'-4,) =OVk>ko 

k'=k 

replacing k + k' = k" with k + k' = k" in ( note that by Corollary the 
equivalence classes have finitely many elements). 

Proof. Straightforward. □ 

We define Auq the linear subspace of A for which ko is fixed. 
Definition 8. The sum 

k>ko 

is in collected form if, by definition, Ck ^ => k = max{k' : k' = k}, where the 
maximum is with respect to the lexicographic order. (In other words the coefficients 
are collected and assigned to the earliest /i in its equivalence class.) 

It is then natural to represent the equivalence class (v. ^) {S} of S, in ylko/ =; 
by Sc. 

Corollary 9. By Proposition^every nonzero sum can be written in collected form. 

1.2. Topology on multiseries. A topology is introduced in the following way: 

Definition 10. The sequence S^"-* in ^ko converges in the asymptotic topology 
if for any k, c^"^ becomes constant (with respect to n) eventually. This induces a 
natural topology on Akg/ =. 

This topology is metrizable. Indeed, any bounded w : t-^ (0, oo) such that 
z(;(k) ^ iff all /cj — > cxd (e.g. w(k) = X]i<A/ e"*^') provides a translation-invariant 
distance 

d(5(i\5(2)) = sup 0(4'^ - 4'V(k - ko) 

k>ko 

where 9{x) = if a; = and is one otherwise. A Cauchy sequence in ^ko is clearly 
convergent, and in this sense ^ko is a complete topological algebra. From this point 
on, we assume Q is a totally ordered abelian group. Let S E A. 

Remark 3. A subgroup of G generated by n elements /ii < I, ...,^.n < 1 is totally 
ordered and well ordered, and thus can be indexed by a set of ordinals U,, in such a 
way that uji < loi implies [i^^ > [i^^ . A sum 

(4) = X! ^"^^^ 

where we agree to omit from ^ all ordinals for which c^^ ~ is called the asymp- 
totic form of S. 

Definition 11. Dominant term. Assume S = J2k>k "^kMk G -^ko presented in 
collected form. The set iJ-u. '■ ^ is then totally ordered and must have a maximal 
element /ik^, by Proposition\^ We say that Cki/iki =■ dom(5') is the dominant 
term of S and /ik^ =: mag(5) is the (dominant) magnitude of S (equivalently, 
mag(iS') — /iminOg/ We allow for mag(S') to be zero, iff" = 0. 

The following property is an immediate consequence of Corollai|ni 
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Remark 4. For any nonzero S we can write 

S ^ Cki mag(5)(l + = dom(5)(l + Si) 

where all the terms in Si are less than one. 

Remark 5. The magnitude is continuous: if S^ G '^^'^ Sk S in the asymp- 
totic topology, then mag(S'k) ^ mag(S') (i.e. 3ki so that mag(S') = mag(S'k), Vk > 

Proof. This follows immediately from the definition of the topology and of mag(-). 

□ 

The proposition below discusses the closure of Akg under restricted infinite sums. 

Proposition 12. Let jo,ko,lo G Z*^ with ko + lo = jo o,n-d consider the sequence 
in Awo 

k>ko 

and a fixed T G , 

k>lo 

Then the sum ("blending") 

T{S) := ^cL/ik-^^*-) 

k>lo 

obtained by replacing each /ik in T by the product /ik • S^^"^ is well defined in ylj^ 
as the limit as k' | oo of the convergent sequence of truncates 

(5) rM(^) = ^A^k-^c^) = EwE^UcLT^ - E^fVj 

lo<k<k' j>jo B.C'') j>jo 

where 

Bf" ' {mi,m2 : mi + m2 = j,lo < mi < k', m2 > ko} 

Proof. Given j, the coefficient d^^ ^ is constant for large k'. Indeed, in the expression 

of Bf ^ we have Iq < m2 = j — mi < j — ko and similarly kg < m2 < j — lo and 
therefore there is a bound independent of k' on the number of elements in the set 
Bf''\ On the other hand, we obviously have b'?^"' C B^"^ if k" > k'. Thus the 

set B^y^ is constant if k' is large enough, and thus d^^^ ■* is constant for all large k', 
which means the sums T^^ 1 [S] are convergent in the asymptotic topology. □ 

Note. The condition that mag(^)*^'"^ decreases strictly in m does not suffice 
for X;,„>o Cm5'(") to be well defined. Indeed, the terms = j;-™ + e"^ e Gi 

(cf. § II. 1.311 have strictly decreasing magnitudes and yet the formal expression 
Sm>o(^ ™ + e^^) is meaningless. 
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1.3. Contractive operators. 

Definition 13. Let J be a linear operator from Akg or from one of its subspaces, 
to ^ko , 

(6) = J ^ CkMk = ^ CkJ/^k 

k>ko k>ko 

Then J is called asymptotically contractive on Ai^g if 

(7) Jf^i = Cj;pMj+P 

p>0 

thus 

(8) JS = Y /^k Y '^j'P'^j 

k>ko j+p=k 
p>0:j>ko 

We note that by {Tj) and Proposition ^1 J is well defined. 

Definition 14. The linear or nonlinear operator J is (asymptotically) contractive 
in the set A C Ak„ if J : A ^-^ A and the following condition holds. Let fi and fi 
in A be arbitrary and let 

(9) /i - /2 = Y "^kMk 

k>ko 

Then 

(10) J(/l) - J(/2) - Y ^k/^k5k 

k>ko 

where niag(S'k) = /ip^ for some Pk > 0. 

Remark 6. The sum of asymptotically contractive operators is contractive; the 
composition of contractive operators, whenever defined, is contractive. 

Theorem 15. (i) Lf J is linear and contractive on Au.g then for any Sq £ Akg the 
fixed point equation S = JS + Sq has a unique solution S G ylko - 

(ii) Ln general, if A £ Aug is closed and J : A i—f A is a (linear or nonlinear) 
contractive operator on A, then S = JiS) has a unique solution is A. 

Proof, (i) Uniqueness: if we had two solutions Si and S2 we would get mag(S'i — 
^2) = mag(J(S'i - ^2)) < mag(5'i - 52) by ©. We show that J"^o in the 
asymptotic topology implying that X]^o "^""^o is convergent. We have 

(11) J"S'=^/Xk Y C071Stpi;...,p„;j 

k>ko pi>0,...,p„>0:j>ko 
j+PiH l-Pn=k 

and since |pi + • • • + Pn| > n and since the set {k' : k' = k} is finite by CoroUaryEl 
for each k the condition j + Pi + • • • + Pn = k becomes impossible if n exceeds some 
no, and then the coefficient of /ik in J^S is zero for n> uq. 

(ii) Uniqueness follows in the same way as in the linear case. For existence, prove 
the convergence of the recurrence fn+i = J{fn)- 

With /„ — fn-i — 5n-i — X]k>ko ''k" ^Vk we have, for some coefficients Cm-m} 
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(12) <5„ = ./(/„_! + <5„_i) - J(/„_i) = 4" 'Vk5, 



k>ko 

(«), 



= Ea^>^ E c^^^^^LV^ - E 4"Vk 

k>ko m+p— k k>ko 
m>ko :p>0 

and therefore 6n has an expression similar to Hll|l . 

Sn = E E constpi;...,p„;j 

k>ko pi>0,...,p„>0;j>ko 
j+PiH hPn=k 

Consequently (5„ ^ and, as before, it follows that 5„ converges. □ 

Corollary 16. Let S G Ao be arbitrary and Sn — J2k>o Ck:nMk G Ao for n e N. 
Then the operator defined by 

J{y) = S + J2 Sn-2y" 



is contractive in the set {y : mag(y) < 1}. 
Proof. We have 



'n-l 



J{y + 6)- J{y) = 6 ^ 5„_2 | E 2^'^" 



□ 



1.3.1. The field of finitely generated formal series. Let G he a totally ordered 
abelian group. We now define the algebra: 

(13) S= IJ -4ko(A*i, ■•■,MAf) 

koez*' 

/il<l,...,/ijVf<l 

MGN 

modulo the obvious inclusions, and with the induced topology (convergence in 5* 
means convergence in one of the Ako{^i, /^m))- 
Product form. 

Proposition 17. Any S GS* can be written in the form 
(14) 



c mag(5) 1 + E ^^^^^^ 
\ k>0 / 



(15) cmag(S')(l + 5i) 

where Si G Ak„ for some ko > (cf. also Remark^ and mag(S'i) < 1. 
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Proof. We have, by Remark 0] 

(16) S = c mag(5) ( 1 + E ^kM^^ ' ' ' mag(5)-i ] 

\ k>ko / 

where ah the elements in the last sum are less than one. 

Let A be the set of multi-indices in the sum in (|16|) for which some ki < and 
let A' be its minimizer in the sense of Corollary 01 a finite set. We now consider 
the extended set of generators 



{/Xj : i < A/'} {i/mag(S^) ^ : v — fii with i < M or ly — /ik with k G A'} 

We clearly have /Ij < 1. By the definition of A' , for any term in the sum in Hlt)|) 
either k > or else k = k' + k" with k' G A' and k" > 0. In both cases we have 
CkMk = Ck'/Ik' "^ith k' G Z*^ and k' > 0. Thus S can be rewritten in the form 



c mag(5) ( 1 + CkMk ) (k G N''' ) 

V k>0 / 

where the assumptions of the Proposition are satisfied. 



□ 

Proposition 18. S is a field. 

Proof. The only property that needs verification is the existence of a reciprocal for 
any nonzero S. Using Proposition II 71 we only need to consider the case when 

k>0 

Since multiplication by t is manifestly contractive (see S ll.3fl . S^^ is the solution 
(unique by Proposition I15|l of 

□ 

Closure under infinite sums. 

Corollary 19. (i) Let ko > and S G Ak^ and {c„}„gN G C &e any sequence. 
Then 

oo 

E C„^" G Auo 

(ii) More generally, if Sqi, Sqm are of the form Sq and {cklkgN^^ multi- 
sequence of constants, then J2k>o '^^Sq = J2k>o '^^^oi ' ' ' ^OM ^^^^ defined. 

Proof. For some C G C we have S — Cniag(S')(l + t) = C(l + t)/i. Since /i < 1 we 
have X)^o ^ -^o(m) and by Proposition [T^ 

oo oo 

c„^" = c«t^"M«ki (1 + tr es 

□ 
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Formal series with real coefficients. Order relation. Lot Sji tlio subficld consisting 
in S GSr which have real coefficients. We say that Sk3 5* > if dom(5')/ mag(S') > 
0. Then every nonzero S GSm is either positive or else —S is positive. This induces 
a total order relation on Sr, by writing Si > §2 if Si — §2 > 0. 
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1.4. Inductive construction of logarithm-free transseries. 

1.4.1. Transseries. Transseries are constructed as a special instance of abstract 
series in which the ablelian ordered group is constructed inductively. 

In constructing spaces of transseries, one aims at constructing differential fields 
containing x^^, closed under all operations of importance for a certain class of 
problems operations. Smaller closed spaces can be endowed with better overall 
properties. 

The construction presented below differs in a number of technical respects from 
the one of Ecalle, and the transseries space constructed here is smaller than his. 
Still some of the construction steps and the structure of the final object are similar 
enough to Ecalle's, to justify using his terminology and notations. 

1.4.2. Ecalle's notation. 

• U — small transmonomial. 

• n — large transmonomial. 

• □ — any transmonomial, large or small. 

• LU — small transseries. 

• Dsn — large transseries. 

• OH — any transseries, small or large. 

1.4.3. Level 0: power series. Let x be large and positive and let Q be the totally 
ordered multiphcative group (a;"^, •, <C),cr G M, with x"^^ <C x"^^ if x"^^ — o{x'^^) as 
X —^ oo, i.e., if (7i < (72. The space of level zero log- free transseries is by definition 

TI"! =5* (G). By Proposition HI is a field. 

If f e f I*^! , then f = □ iff f = x'" for some cr 7^ 0, T = D if > and f = U 
if < 0. 

The general element of is a level zero transseries , [I]!"! or HI in short. We 
have 

(17) m = ^ ckU'' 

k>ko 

There are two order relations: < and ^ on T G T^. We have OIli ^ 0112 
iff mag([]I]i) ^ mag([I]2) (the sign of the leading coefficient is immaterial) and 
□H > if (CI] 7^ and) the real number dom([]I])/ mag([I]) is positive. 

Definition 20. A transseries is small, i.e. OH = LU iff in p7(l we have Ck = 
whenever U"^ ^ 1. Correspondingly, transseries is large, i.e. DIl — Hsl iff in H17|) 
we have Ck — whenever U'' 1. We note that CD = LU iff mag (OH) <C 1 
(there is an asymmetry: the condition mag([]II) ^ 1 does not imply OH — r\s~\, 
since it does not prevent the presence of small terms in CD). Any transseries can 
then be written uniquely as 



(18) CI]=^CkU'^= CkU^ + const + ^ c^U^ 

k>ko k;>ko; U''>1 k>ko; U''<1 

= Dsl + const + LU := L(CI]) + C(CI]) + s([I]) 
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1.4.4. Level 1: Exponential power series. The set Cjl^l of transmonomials of expo- 
nentiality one consists by definition in the formal expressions 

□ [!] = □ exp( Hsl [°1 ), □ [°1 , HsH I"! e TI"! 
where we allow for flsnt'^l = and set exp(O) = 1. With respect to the operation 

□ [°iexp(n.n™)n™exp(n.n™) = (□[°in[°i)exp(nsn™ + n.ni'^i) 

we see that ^[^1 is a commutative group. 

The order relations are introduced in the following way. 

(19) □lexp(nsni) > □2exp(nsn2) 

iff (ns~li > risls) or (nsli = V\r\2 and Di > U2) 

In particular, if flsnf' is positive, then □f'' exp(nsnf') » 1. 
The second order relation, >, is defined by 

□fiexp(n.nfi)>o ^ □[°i>o 

It is straightforward to check that {Q^'^\ 'i^) is an abelian ordered group. The 
abelian ordered group of zero level monomials, (^j'*'' , •, ^), is naturally identified 
with the set of transmonomials for which \~\s~\ = 0. 

The space T^-'^l of level one transseries is by definition S (5 ) ■ By Proposition ll8l 
TI^I is a field. By construction, the space is embedded in T^^l. Formula H17() 
is the general expression of a level one transseries , where now U is a transmono- 
mial of level one. The two order relations on transseries are the ones induced by 
transmonomials, namely 

(20) m > 1 mag(Cn)>l and CTI > ^ dom([I])/mag([n) > 

1.4.5. Induction step: level n transseries. Assuming the transseries of level < n — 1 
are constructed, transseries of level n together with the order relation, are con- 
structed exactly as in § 11.4.41 replacing [0] by [n — 1] and [1] by [n] . The group 

^[1] 

of transmonomials of order at most n consists in expressions of the form 

(21) = j;^exp(nsn["-il) 

where ns~|["^^l is either zero or a large transseries of level n — 1 with the multipli- 
cation: 

(22) x"' exp(nsn^""'l)a;-^ exp(nsn^""'l) - exp(nsn^""'l + RsnlT"'') 
The order relation is given by 

(23) :E"iexp(nsn[""'l) >2;'^^exp( Hsl [""'!) ^ 

(24) (nsl'"-'! > nsl'""^!) or (nsH'"-^! = nsl^"-'! and ai > as) 
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(25) mt"l = CklUl"!)"^ 

k>ko 

As in S im f ["-^1 is naturally embedded in TW. 

1.4.6. General log-free transseries , T ■ This is the space of arbitrary level transseries, 
the inductive limit of the finite level spaces of transseries : 

oo 

r= IJ ti"i 

Clearly T is a field. The order relation is the one inherited from T^"! . The topology 
is also that of an inductive limit, namely a sequence converges iff it converges in 
T^"! for some n. 

1.4.7. Further properties of transseries. Definition. The level ^([I]) of OH is n if 

m etw and m ^r["-ii. 

Proposition 21. If n = ;(ns~li) > l{r\sl2) then Usli > ns~l2- 

Proof. We may clearly take ti > 1. Since (by definition) risH 3> 1 we must have, 
in particular, dom(ns~l) — cx'^ exp(ns~l') with r\s~\' > 0. By induction, and the 
assumption /(ns~li) = n we must have \~\s~\'i > and l{\~\s~\'i) — n — 1. The 
proposition follows since, by again by the induction step, ns~\'i 3> nsn2- O 

Remark 7. // D is of level no less than 1, then either D is large, and then 
D 3> x", Va e K or else D is small, and then □ <C Va G R. 

Remark 8. We can define generating monomials of =/= DH G T^"! a minimal 
subgroup Q — t/(OII) of Q^"^ with the following properties: 

• xjexp(nsni) G Q implies x" £ Q and, if r\s~\i ^ 0, then Q D G{^s~\i). 
By induction we see that tj(nil) is finitely generated for any DH G T^"!. 

1.4.8. Closure of T under composition and differentiation. 
Proposition 22. T a^dTl"!; n G N are differential fields. 

Proof. Differentiation I? = ^ is introduced inductively on T, as term by term 
differentiation, in the following way. Differentiation in TI"! is defined as: 

(26) Vm ^ CkPU"" 

k>ko 

where, as mentioned in Ml. 4. 31 we have U = x~'' for some a G M"*" and, in the 
natural way, we set Vx^'^ — —ax~'^~^ . This makes P OH G T^^l, and the generating 
transmonomials of PCI] are those of OH together with 

We assume by induction that differentiation V : T["^il '/'["-i] has been 
defined for all transseries of level at most n — 1. (In particular, I? OH is finitely 
generated.) We define 
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(27) V (qN) = V (x"exp(nsn["-il)) = (7x"-iexp(nsn["-il) 

+ x^P Hsl ["-11 exp ( Hsl 11 ) 

A level n transseries is 

M 

(28) m = ^ ckU"^ = ^ ck n uj' 

k>ko k>ko 3 = 1 

and we write in a natural way 

M M 

(29) i?[n["i = ^ fc„.u^™-ii?u„, n uj^ 

k>ko m=l m^j=l 

A/ M 

= ^ u,-i 5] ckfc™uf^"-ii?u„ n 

m=l k>ko m^i=l 

and the result follows from the induction hypothesis, since 

(30) ckA^^u'^^ - ^ E ^kfe^u-^ e r["i 

k>ko k>ko 



□ 

Corollary 23. is the group (finitely) generated by all generators in any of 

the levels of DH, then PDH is generated by the transmonomials of Q^j^ together 
possibly with x-^. // Cn 7^ Const, then 1{[I}) = 1{[W). 

Proof. Immediate induction; cf. also the beginning of the proof of Proposition 1221 

□ 

The properties of differentiation are the usual ones: 

Proposition 24. V{fg) = gVf + fVg, Vconst = and V{f o g) ^ (Vf) o gVg 
(for composition, see § \1.4.1l\) . 

Proof. The proof is straightforward induction. □ 

In the space of transseries, differentiation is also compatible with the order rela- 
tion, a property which is not true in general, in function spaces. 

Proposition 25. For any r\s~\i,i = 1,2 and l_Ui,« = 1,2 we have 

ns~ii > ns~i2 ^ risi'i > ns~i^ 

LUi » UJ2 ^ UU'i » LU'^ 

nsi[ » m'l 

Proof. The proof is by induction. It is true for power series, which are the level zero 
transseries . Assume the property holds for transseries of level < n — 1, and first 
prove the result for transmonomials of order n, i.e. for the case when for i — 1,2 
□11 i = = x"^' exp(ns~li), where at least one of r\s~\i has level n — 1. 
We have to evaluate 



TRANNSERIES AND SUMMABILITY 



15 



-1 



and it is plain that we can assume without loss of generality that r\s~\ i > 0. 

(1) If Z(ns~li — ns~l2) = n — 1 then M ^ 1 by Proposition [2] The remaining 
case is that for i = 1 , 2 we have I ( ris"! i) = n — 1 but \~\s~\ i are equal or else I ( \~\s~\ i — 
ns~l2) < n — 2 (which obviously requires n > 2). Let A = ns~li — ns~l2- We have 
Z(A) < /(nsHi) and also r\s~\i ^ for some a > 0, thus by Proposition 1211 and 
the induction hypothesis we have ns~\[ » A' + ax^^ 

r\sl[ + A' + — = nsl[{l + LU) 

X 

thus 

exp(nsni - nsn2)x"^""^S5f^^^^^ = exp(nsni - nsn2)a:"^""^(i + lu) > i 

I Is I2 + cr2X ^ 

(2) We now let CD be arbitrary with the property mag(CI]) ^ 1 and use Propo- 
sition El to write 

k>kQ k>ko 

where Dk ^ Do and thus, by step (1) we have 



k>ko 

The rest of the proof is immediate. □ 



Corollary 26. We have VUJ = CTl = Const. 

Proof. We have to show that if [Tl = lis"! + LU 7^ then CTl' 7^ 0. If Hsl 7^ then 
(for instance) Rsl + LU > cc"^ = LU and then fls"!' + LU' > x"^ ^ 0. If instead 
nsH = Othen (I/OH) = flsn 1 + LU 1 + c and we see that (nsli + LUi)' = which, 
by the above, implies Hsli = which gives 1/LU = LUi, a contradiction. □ 

Proposition 27. Assume CO = DsH or UD = LU . Then: 
(i) //Z(mag(CI])) > 1 then /( mag(Cn-i CTl')) < ;(mag([n)). 
(11) dom(CI]') = dom(CI])'(l + LU). 

Proof. Straightforward induction. □ 



1.4.9. Transseries with complex coefficients. Complex transseries 7c are constructed 
in a similar way as real transseries, replacing everywhere ns~\ 1 > nsH 2 by ns~\ 1 > 
5Rnsn2. Thus there is only one order relation in 7c, Difficulties arise when expo- 
nentiating transseries whose dominant term is imaginary. Operations with complex 
transseries are then limited. We will only use complex transseries in contexts that 
will prevent these difficulties. 
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1.4.10. Differential systems in T. The theory of differential equations in T is sim- 
ilar to the corresponding theory for functions. 

Example. The general solution of the differential equation 

(31) r + f = i/x 

in r (for X ^ +oo) is CTI {x; C) = J2T=q '^■^^'^ + Ce""^ = (x; 0) + Ce"^. 

Indeed, the fact that OH {x; C) is a solution follows immediately from the defini- 
tion of the operations in T. To show uniqueness, assume OHi satisfies (|31|) . Then 
□□2 = [ni-[I](a;;0) is a solution of P + =0. Then CDs = e^Cn satisfies 
V\J}2 = i.e., CTlz = Const. 

The particular solution OH (x; 0) is the unique solution of the equation / — 
1 /x — Vf which is manifestly contractive in the space of level zero transseries (cf. 
§ ll.3|l . However this same equation is not contractive for transseries of positive 
level, (because e.g. Ve'^ = e^); this could also have been anticipated noting that 
the solution is not unique. 

1.4.11. Restricted composition. The right composition Dili o 0112 is defined on T, 
if mag(CI]2) S> 1 and dom([I]2) > 0. The definition is inductive. 

We first define the power and the exponential of a transseries . Assume powers 
and exponentials have been defined for all transseries of level < n — 1. Let DIl — 
c mag([I])(l + LU) G T^"! be any transseries such that c > 0, cf. PropositionllTI 
By the definition of mag(-) and 1)25(1 . mag([I]) is a transnionomial, mag([I]) = 
n["-ilexp(nsn["-il). Welet 

(32) ni" ^c" (n["-il)''exp(ansn["^il)(l + LU)'" 

= (n["-ii)"exp((7nsn["-ii)(i + m)" 

k=0 ^'^'^ 

where (^) are the generalized binomial coefficients, the infinite sum is well defined, 
by Proposition^! and thus □11°' is well defined as well. Then, if cr G (M+)*^ and 
if DIlM = X]k>ko Ck^-'^ *' is a level zero transseries , we write 

ml"! o m = ^ ck(m-i)'"'' 

k>ko 

which is well defined by Proposition E| (ii) and Proposition E| We note that, 
under our assumptions for [I] , [I] ["1 o OH > is positive iff DIl f"' > 
Similarly, we write cf. Definition 1201 

(33) exp(m) = e^(™)+c^(™)+^(™) 

^ gC([n)gL([n)y^£(™r ^ (^'□[n+i][j]N 

k=0 

well defined by the definition of a transmonomial. Proposition 1191 (ii) and Propo- 
sition 1171 Now the definition of general composition is straightforward induction. 
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We assume that composition is defined at all < — 1 levels, and that in addition 
o m > if en ["-11 > 0. Then 



(34) o m = ^ Ck(U["l o m)'' 

k>ko 

= ^ ck(Dt""'i o m)''exp(-nsn["-ii o m) 

k>ko 

J2 ck(n'""'i o m)'' [exp(-L(nsn["-ii o m)Cexp(-s(nsn["-ii o m) 
= J2 4(0'""^' ° ci])''u["i exp(-s(nsn["-ii o m) 



k>ko 



k>ko 

and the last sum exists by the induction hypothesis and Proposition ll2l 
1.5. The space T of general transseries. We define 

(35) L„(a:) = loglog...log(a;) 

" V ' 

n times 

(36) En{x) = expexp ... exp(a;) 

V ' 

n times 

(37) 

with the convention Eq(x) = Lq{x) — x. 

We write exp(ln x) — x and then any log-free transseries can be written as CI] (x) = 
□H o En{Ln{x)). This defines right composition with L„ in this trivial case, as 
mi o L„(x)) = (m o £;„) o L„{x) := niix). 

More generally, we define T, the space of general transseries , as a set of formal 
compositions 

T = {m oL„ : m er} 

with the algebraic operations (symbolized below by *) inherited from T by 

(38) (mi o L„) * (m2 o i„+fc) = [(mi o Ek) * ms] o u^+k 

and using H38(l . differentiation is defined by 



I?(m oL„) 



k=0 



(i?m)oL„ 



Proposition 28. T is an ordered differential field, closed under restricted compo- 
sition. 

Proof. The proof is straightforward, by substitution from the results in 11.41 □ 

We will denote generically the elements of T with the same symbols that we 
used for T ■ 

Proposition 29. T is closed under integration. 
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Proof. The idea behind the construction of D^^ is the following: we first find an 
invertible operator J which is to leading order T)^^; then the equation for the 
correction will be contractive. Let UH = X]k>kQ U'' o L„. To unify the treatment, 
it is convenient to use the identity 

fn2is)ds=f ([nos„+2)W n ^jWdi = / [ni{t)dt 

JL„+2(2;) i<ri+l JL-r^ + iix) 

where the last integrand, DH i [t) is a log- free transseries and moreover 

nii{t) = ^ ckU^ ••• u^f = cke-'^'inni-...-fcMnn„ 

k>kQ k>ko 

The case k — is trivial and it thus suffices to find I?^ ^ e~ , where n = 
i(ns~l) > 1. Then Usi > for any m and thus also Pfls"! > for all m. 
Therefore, since 'De~^~^ = —{T>V\s~\)e~^^ we expect that dom(I?~^e~ = 
-(X'ns"l)-^e- and we look for a A such that 

(39) p-ie-n«^=-^^(l + A) 

Then A satisfies the equation 

By Propositions 121 Corollary 1231 and Proposition 1271 H40|) is contractive in T^"!. 
The proof now follows from Proposition 1121 

□ 

In the following we also use the notation I? CI] = U2' and we write V for the 
antiderivative 'D~^ constructed above. 

Proposition 30. V is an antiderivative without constant terms, i.e, 

■pen = n.sn + lu 

Proof. This follows from Proposition!^ together with the fact that A, r\s~\ and T) 
in ^ belong to TI"! . □ 

Proposition 31. We have 

v{mi + cria) = -p[ni + 7'Ci]2 
{vmy ^ HI; rm' = ci](o) 
p(micn^) = miCriz-T'iixi'iixia) 
mi > m2 =^ T'mi >7'm2 
(41) m > =^ v\j} > 

where 

m = ^ cky^ =^ m(o) = ^ ckU"^ 

k>ko k>ko;k^O 
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Proof. All the properties are straightforward; preservation of inequalities uses Propo- 
sition ESI □ 

Remark 9. Let LXJq G T. The operators defined by 

(42) Ji(Cn) = 7'(e-^(Const. + LUo)Cn(x)) 

(43) J2(Cn) = e±^x'^7'(a;-^a;-'^e=F^(Const. + LUo)m(x)) 
are contractive on T . 

Proof. For l|42|) it is enough to show contractivity of 'P{e~^-). This is a straight- 
forward calculation similar to the proof of Proposition 1291 We have for some n 

m W = Ek>ko Ll'^(L„(a;)) where U, eT. 

(44) T'e-"(n o L„) = P I e-^"+^ [] Ej exp(nsn 0^3) Ln+2 

\ i<i<«+2 / 



-""-^^ ni<,<„+2 E, exp(nsn ^E^l^^^^. 



oL. 



n+2 



□ 



-K+2 + Eo<,<„+ii?; + nsn'oi?^ 

< Jl £;j exp(ns~l o£;2) 
i<i<"+2 

The proof of (ii) is similar. 

2. Equations in T : examples 

Remark 10. The general contractivity principle stated in Theorem \15l which we 
have used in proving closure of transseries with respect to a number of operations 
can be used to show closure under more general equations. Our main focus is on 
differential systems. 

2.0.1. Nonlinear ODEs in T . We start with an example, a first order equation: 

(45) /' = Ji(/) = Fo(x-i) -f-^f- 9{x-\ f) 

where 



Eok 



k>2 



(46) ff(^-\/)- E 9kix-''f' 



k>0; 1>1 



where the sums are assumed to converge and .goi = 5ii = 0- 

We see that Ji is well defined if / = LU e T (cf. Proposition II 2|l . and it is under 
this assumption that we study Ji.'^ 

(1). Solutions of (133 in f^"^- The equation 



■^If there are infinitely many nonzero terms in the sum in 1146 1 . Ji is not in T if / ^ 1 (since, 
in this case, mag(/") is unbounded). 
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(47) / = J2(/) - -Vf + Fo{x-^) -^f- g{x-\ /) 

is contractive in (this follows immediately from Thus there exists in TI"! 

a unique solution /q. Since (|47|l is also contractive in the subspace of Tt"] of series 
of the form X]feL2 ft have 



(48) /o-E^ 

Note. The iteration /„+i = ^^i/n, fi — is convergent in T and, if /i = 
J2k=2 "^fe'^"*^ then c{*' = Cfc for k <i, and this is a very convenient way to calculate 
the coefficients c,;. 

(2) Let now S = f - /„. Then 

y = -6-!^d- g{x-\ja + 5)+ g{x-\fo + S) 

X 

(49) =-5-^5+ J2 curt' 



fe>0; 1>1 



with 

(50) coi = cii = 



= —1 7 r 1- ' . 1 /■ 

X ^-^ X^ 

k>2 fe>0; i>l 



Since by assumption (5 <C 1 we have 

! 1n -r. J- \ \ 

kx^ 



In 5 Co - a; + /5 In a; + ^ + a; LU (x) 



fe>i 

and thus 5 <^ cxp(— ex) for any c < 1 so that 

InJ = Co - a; + /51na; + V ^^^^ + exp(-ca;) LU (x) 
^-^ kx'^ 

k>l 

whence, by composition with exp we get 

4 4 

kx'^ 



S = Cia:^e-" ^ + exp(-cx) UJ (x) 



k>l 

Equation (|51() implies 



rffc+l;l 

fc>0: 1>1 I \ k>Q 



(52) ,5 = Ca;'5e-yoexp / ^ Ck-j+ix-^'S' \ ; yo - ^ 



and (|52|l is contractive by RemarkEland RemarklHl In particular, for every C there 
is a unique S{x\ C) satisfying (|^ . 
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Proposition 32. The general transseries solution of i45)) is fo + S where 

oo 

(53) 5 = ^C'=x'^'=e-'=^/fe(a;) 

fe=i 

with fk e TM ana 

j=o 

Proof. This is a straightforward consequence of discussion of this section and of 
^ . □ 

2.0. 2. Formal linearization. Let z = Cx^e~''^ . We have 

C(x,<5) = rt"^,5'=gfe(x) 
fc>i 

A direct calculation shows that C — Cx + CsS' — 0. The transformation {x i-^ 
x]y ^ C{x^y — fo)) formally linearizes (|45|l . 

2.1. Multidimensional systems: transseries solutions at irregular singu- 
larities of rank one. Consider the differential system 



(54) y' = {{x-\y) y G C" 

We look at solutions y such that y(a::) ^ as a; — > oo along some direction 
d = {x Cz C : arg(x) = (/?}. The following conditions are assumed 
(al) The function f is analytic at (0,0). 
(a2) Nonresonance: the eigenvalues Xi of the linearization 



(55) A:=-(g^(0,0)) 

are linearly independent over Z (in particular nonzero) and such that arg Xi are 
different from each other (i.e., the Stokes lines are distinct; we will require somewhat 
less restrictive conditions, see § 3.1). 

By relatively straightforward algebra, (|23I and also § 3.2 where all this is ex- 
emplified in a two-dimensional case), the system H54|l can then be brought to the 
form 



(56) y' = -Ay-I- -iy-f g(a;-\y) 

x 

where A — diag{Ai}, A — diagjai} are constant matrices, 

gix-\y)=0{x-\y^), (x^(»,y^0) 

Remark 11. (i) If s{x^^ ,y) = 0. In this case the system ^56)) is linear and has 
the general transseries solution 
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(a) More generally, if g{x ^,y) = G(a; ^) is a transseries, then the general 
solution of ^56)) is 

(57) y = c-^'^x^C + e-^'^x^V (e^^^x^^g) 

Proof. In both cases the system is diagonal and the result follows immediately from 
the case when n = 1, i.e. from Proposition D 

The general solution of (|56|l in 7c (of. tll.4.9|l is an ni < n parameter transseries, 
as shown in the sequel. 

Proposition 33. Let d be a ray in C. The general solution of f56|) in 7c with the 
restriction y ^ 1 is of the form 

(58) y{x) = J2 C^e-^-^''x°' Hkix) = ^ C^e~^-^''x"''>-^ykix) 

k>0 k>0 

where Ci — for all i so that e^'^'^ 7^ as x oo in d. 
Proof. If y is a solution of H5t)|l then we have, by Remark ITTI 

(59) y = e-^'^x^C + e-^^x^v(e^^x-^g{x-\y)^ 
for some C. Since y ^ 1 we have g(a;~^,y) ^ 1 and thus 

p(e"V^g(a;-\y)) « e" 

Again since y ^ 1, we then have Ci — for all i for which e^-^'^ 1. 
Note. With the condition y <C 1, eq. H59(l has a unique solution. 
Indeed, the difference of two solutions yi — y2 satisfies the equation 

(60) yi - y2 - e'-^x^V (e^^x-^ [g{x-\ yi) - g{x-\y2)]) 

Since g(x^^,y) — 0{x^^ ,y^) we have 

gix-\y^)-gix-\y2)^0{x-'S,\y\\S\) 

which by Proposition 13 II implies d = o{S), i.e., S = 0. 

Using Remark it is easy to check that (|6UII is an asymptotically contractive 
equation, in the space of y which are ^ x~^ thus it has a solution y["l with this 
property. Since the previous note shows the solution of 1)56(1 with y <C 1 is unique, 
we have y — y[°l. Formula H58() is obtained by straightforward iteration of (|60|) . 

□ 

3. BOREL SUMMATION TECHNIQUES 

3.0.1. Introduction. In this section we discuss a Borel summation-induced isomor- 
phism between transseries and functions in the setting H2.ll The goal is to show, 
on simple examples, how Borel summation is proved and used. For more general 
results we refer to |12) . 

Definition 34. A Borel- summable series y := 'Yll^=KVkX~'^ , K E is a formal 
power series with the following properties 
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(i) the truncated Borel transform Y — By := X]fe>o {k-i)\ ^^ ^ of y has a 
nonzero radius of convergence, 

(ii) Y can be analytically continued along [0, +00) and 

(iii) the analytic continuation Y grows at most exponentially along [0, +00) and 
is therefore Laplace transformable along [0, +00). 

The Borel sum y of y is then given by 



(61) y = CBy ^ ykx''' + CY, 

k=K 

where the sum is understood to be zero if K > and C denotes the usual Laplace 
transform. 

Example The formal solution for large x of the equation f ~ f — x^^ is Borel 
summable. Indeed 

-k\ ^ 1 f°° e-P^ , 
Co > , , , , = £ = / dp 

^(-x)^-+i 1+p Jo l+p"^ 

and it can be checked that the Borel sum is a solution of the given equation; see 
also (i) in the note below. 

Note 35. (i) It can be shown that Borel summation is an extended isomorphism: 
in particular it commutes with algebraic operations, including multiplication and 
complex conjugation, and with differentiation 1 . This can be expected from the 
fact that, formally, Borel summation is the composition of Laplace transform with 
its inverse, and the identity obviously commutes with the operations mentioned 
above. 

(ii) Borel summation has to be generalized in a number of ways in order to be used 
for solving more general equations. Indeed, an equation as simple as /' + / = x^^ 
has a formal solution which is not Borel summable: BJ^'kLo ^^2;^'^"^ — (1 — p)^^ is 
not Laplace transformable. If the Laplace transform integral is taken along a ray 
above or below R+, then £B{1 — p)~^ is a solution of the given equation. None 
of these path choices however yields a real valued function, whereas the formal 
series has real coefficients. The resulting summation operator would not be an 
isomorphism since commutation with complex conjugation fails. In this simple 
example the half sum of the upper and lower integrals is real valued and solves the 
equation, but this ad hoc procedure would not work for nonlinear equations. More 
complicated averages need to be introduced, see 

3.1. Borel summation of transseries: a first order example. Consider the 
(first order) differential equation l|l5|l with, say, Fq = x~^ and g = af^ + bf^: 

(62) f' + {l-f3x-^)f = x-^ + af^ + bf^ 

and a, b some constants. We first look at solutions, both formal and actual, which 
go to zero as a; —> 00 in some direction in C. 

We have seen in S I2.0.1l that the solution /o as a formal power series (i.e., in T^"!), 
is unique and /q — X]fc^2 ^k^^^ ■ By Remark 1321 the general transseries solution is 

00 

(63) f = Y^£_^f^{x) {i-.^Ce-^xf^) 

k=0 
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where fk are integer power series. It is important to note that in Ijfi^^ll only the 
constant C depends on the solution. We will see that the fk are simultaneously 
Borel summable, to fk = CBfk, and that the sum 

oo 

(64) f = Y,eMx) 

k=0 

is convergent and provides the general solution of ]<j2\i with the property / ^ as 
a; — > oo in some direction in which (|63() is a valid complex transseries. 

Assuming for the moment we proved that (|64l) indeed provides a solution of H62() 
for any C it is not difficult to show that there are no further solutions: 

Lemma 36. If fi is any solution of i|6'ij)] with the stated condition in some direction 
at infinity, then /i — /o = Ce^^x^ {1 + o(l)) as x ^ oo. If C = then fi = /2. 

Proof. Writing the equation for 5 = fi — /o, multiplying with the integrating factor 
of the "dominant" part of the equation, Ce*t~^, and integrating we get 

(65) S = Ce-^x'' + e-^x^ / eH-l^ [(2a/o + 36/^) S + {a + 3bfo)S^ + S^] dt 

J a 

which is contractive in the sup norm on (xojOo), for |a:o| large enough, in a ball of 
radius e > small enough. The solution of is thus unique and it is easy to see 
that S ~ Cie^^x^ {1 + o(l)) for large x (Ci is not in general equal to C). □ 

Corollary 37. Formula | |6'^[ ) provides the most general solution of i)6'i^] with the 
property / — s- m some direction in C. 

A convenient way to generate /o is the iteration H47|l . which we start with /q°' — 0. 
Denoting J^'^l = /q'^^^' — /q*^' we have 

(^['^l = i-V - f3x-^ + 0{x-^))6^''-^^ 
whence S^''^ ^ const.Vik — j3)x~^ and thus Borel summation appears natural. Since 
/o is defined through a differential equation it is natural to Borel transform the 
equation itself. The result is 

(66) -pF + F= p-(3F^1 + aF*'^ + bF*^ 
where convolution is defined by 

(67) {f*9){p) = r f{s)g{p~s)ds 

Jo 

and we write 

F*'' ^ F * F * ■ ■ ■ * F 
" V ' 

k times 

A solution F that is Laplace transformable along any ray other than is obtained 
by noting that the equation 

(68) ^ = (1 - (p ~ /3F * 1 + aF*2 + bF*^)) = JVi^F) 
is contractive in an appropriate norm. 
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Proposition 38. The space Lj, of functions along a ray d = {p : arg(p) = a, such 
that WfWi, < oo with the norm \\f\\i, ~ J^^^ |/(i)|e~'^'*'d|t| is a Banach algebra with 
respect to convolution. 

Proof. All the properties are verified in a straightforward manner. In particular, 
we have = □ 

Therefore, with p — \\F\\,y and di — dist(l, d) ^ we have 



(69) \\M{F)\\^ = ||(l-p)~i(p-/3F*l + aF*2 + 6F' 



3^ 



< 



{\\ph + \mn. + w\p' + \b\p' 



3^ 



1 

1/1 \R\n 

\a\p + \b\p'^ ] ^ as ^ oo 



di V 

and clearly, if v and 1/e are large enough, the image MB^ of the ball B^ = {F : 
\\F\\v < e} is contained in B,,. Similarly, it can be seen that M is contractive in B^. 
Thus the following conclusion. 

Proposition 39. There is a unique solution of 1^66]) in U^>^(,-L;',. 

This however does not yet imply Borel summability of the series /o; to show 
this we must prove appropriate analyticity properties for F and this can be done 
in essentially the same manner. 

Proposition 40. The space of analytic functions in a region of the form 

Sm = {p ■■ arg(p) e (ai, aa)) ^ and \p\ < M} U {p : \p\ < 1 - e} 
vanishing at p = 0, continuous in S, and such that \\f\\i, < oo with the norm 
||/||i';oo = -^"^ supg |/(p)|e^'''^' is a Banach algebra with respect to convolution. 
In addition, if g{-e^''') € i^(M+) for any ip e (01,02) and g is analytic in S then 
we have 

(70) ||/*g||.;oo < ||/||.;oo||g||.;l 

(71) 

The function Fq is analytic in Sm, Laplace transformable in any direction other 
than M+ and yo = C{Ff)\ is a solution of f6'lj)] . 

Proof. For large enough u and for any M there is a unique analytic solution in 
Sm, Fq, and Fq is thus independent of M. Since we have \Fq{p)\ < |p|e''IPl for 
p e S ~ ^m>oSm it follows that Fq = F. Using Proposition 12^1 the proof is 
complete. □ 

3.1.1. Summability of the transseries f. A straightforward calculation shows that 
the series fk in Ijti^l) satisfy the system of equations 

fZ + {l~f3x~')fo - x-' + af^ + bf^ 
(72) /{ + (2o/o + 36/2)/i = 

f'k + ((1 - - Px-') + 2a/o + 36/2)/,. ^ aY^hJk. + b^! fk.hjk. 
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where in the sum ^ the indices satisfy fci + fc2 = k; fci > 0; fc2 > while in 
the condition is ki + k2 + = k; ki > 0. We have already seen that /o is 
summable. The equation for /i is special, and we treat it separately. To ensure 
Borel transformability, since fi = 0(1), it is convenient to take fi = x^yi, which 
gives 

y[ + 2x-'m + (2a/o + 36/2)^i - 
which, in Borel transform, with Yi = Byi , 

(73) -pYi + 2 Yi is)ds + {2aoFo + 3bF*^) * Yi = 

Jo 

which implies, denoting 2aoFo + 36Fq^ = G 



(74) -pYl + Yi = -G' *Yi 

in which the leading behavior of Yi is expected to be Yi = p + . . . and thus the 
dominanat balance is between the terms on the l.h.s. of l|74|l . In integral form we 
have, with Yi = pQ, 

rP fs rP /•! 

(75) Q = 1+/ dss-^ uG'{u)Q{s-u)du^l+ / vG' {sv)Q{sv - v)dvds 

Jo Jo Jo Jo 

It is easy to see that (|74|l is contractive in a space of analytic functions for \p\ < e if 
e is small. To find exponential bounds for large p we first restrict to a ray p = <e"^ 
with If =/= 0. 

For X ~ pe^'*^ G [0, oo) it is useful to write Q = Qo + Qi where Qq = for 
\p\ > e and Qi = for \p\ < e. Noting that Qi{t)G'{s - t)dt = if \s\ < e, the 
equation for Qi takes the form, for \p\ > e. 



Qi = F{p) + r f s-'G' 



{u)Qi{s — u) duds 



where 



/■p nee ^ 

F{p) = l+ / s-^G'{s-u)Qo{u)duds 
Jo Jo 

Taking Y{p) = (5i(ee*'^ + p) we get a convolution equation of the form 

Y^Fi+Y^{{s + ee''Py^}*F2 

which is manifestly contractive in the norm || • for large v. Since Qo is manifestly 
in Ai, for any ly, it follows that Q G Ai, as well. 

For A: > 1 it is convenient to take fk — x'^'^jjk and we have 

(76) y'k+(l-k+ {2k +{k- l)(3)x-^ + 2am + Wo)vk = yk.yk^ 



(cf. (O) which, after Borel transform becomes 
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(77) 

Yk = ip + k-l)-^(^{2k + kl3-p + G)*Yk+aJ2Wk,*Yk,+bJ2^Yk,*Yk,* Yk, ^ 

= JYk + {p + k- l)-ia^Vfc, * Yk, + bJ2^Yk, * Yk, * Yk, 

Note now that the operator on the r.h.s. of (|77|) is contractive in the norms intro- 
duced, for large u. It is then clear that Yk are analytic and Laplace transformable for 
large enough v. It remains to show they are simultaneously Laplace transformable. 

Note that for large v, denoting ||yfc|| = Xk we have, with = max{|| J'H, Ulilli/} 
arbitrarily small if v is large, 

(78) Xk < XuXk + Xk^Xk, + 

Xki Xk, Xk, 

and the coefficients Xk are majorized by the Taylor coefficients of the analytic 
solution of the algebraic equation 

i}{z) = X^z + X^ij{z) + aip{zY + bipizf 

Thus, for large enough v we have that Xk < {Pd — o(l) for large v) and thus, 
for X large enough 

||/:{n}||oo < pI 

(An inductive calculation shows that Yk — 0{p^^~^) for small p.) The sum 

oo 

J2{^x')'C{Yk} 

k=0 

is then uniformly convergent. It is easy to see that it gives therefore a solution of 

3.2. Generalized Borel summation for rank one ODEs. We look at the dif- 
ferential system (|54|l under the same assumptions and normalization as in § 12.11 
Further normalizing transformations. For convenience, we rescale x and reorder 
the components of y so that 

(n3) Ai = 1, and, with Lpi — arg(Ai), we have (pi < ipj if i < j. To simplify 
notations, we formulate some of our results relative to Ai ; they can be easily adapted 
to any other eigenvalue. 

To unify the treatment we make, by taking y = yi^;"^ for some A'^ > 0, 

(n4) 5i(/3,)<0, j = l,2,...,n. 
Note: there is an asymmetry at this point: the opposite inequality cannot be 
achieved, in general, as simply and without violating analyticity at infinity. In 
some instances this transformation is not convenient since it makes more difficult 
the study of certain properties, see [T^ . 

Finally, through a transformation of the form y ^ y — X^fli ^-fc^^ ^6 arrange 
that 

(n5) fo = 0(a;-*^-i) andg(a;,y) = 0{y^ ,x-^'-^y). We choose M > 1 + 
maxi ^{—(3i). 

Formal solutions. The transseries solutions of 1)54(1 were studied in § O More 
generally, there is an n-paramter family of formal exponential series solutions of 
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(El: 

(79) yo+ E C^•••C^e-(•'•^)^x''•™yk 

k>0:|k|>0 

(see below) where nii — 1 ~ ([-J = integer part), C e C" is an arbitrary 
vector of constants, and yk = X]/^o ^k:;^;"' are formal power series. 

3.2.1. Summability. We give a brief overview of the results in [12, ■ The details of 
the proof follow the general strategy presented in ^3.11 Let 

(80) W = {p eC:p^ kXi,yk eN,i = l,2,...,n} 

(see Fig. 1) The directions dj = {p : arg(p) = y^j},.] — l,2,...,n are the Stokes 
lines. 

We construct over W a surface TZ, consisting of homotopy classes of smooth 
curves in W starting at the origin, moving away from it, and crossing at most one 
Stokes line, at most once (Fig. 1): 

7e := 1^ : (0, l)^yV : 7(0+) = 0; ^l7(i)l > 0; arg(7(i)) monotonicj 
(81) 

Define TZi as the restriction of TZ to arg(7) g {tpn — 27r, V'2) where 
ipn — max{— 7r/2, — 2tt} and '!/'2 = min{7r/2, (^2} 




• 2\, 

Fig 1. The paths near A2 belong to TZ. 
The paths near Ai relate to the balanced average 

3.2.2. Singularities 0/ Yk- The Borel transforms of yk are analytic at zero and the 
only possible singularities are at multiples of the eigenvalues Xj of the linearized 
system. These singularities are "regular" in the sense that there exist convergent 
local expansions at these singularities in terms of powers and possibly logarithms. 
The following theorem makes this statement precise. 
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Theorem 41 (,12 ). (i) Yq = Byo is analytic inTZU {0}. The singularities of 
Yq (which are contained in the set {IXj : I G N+,j = 1,2, ... ,n}) are described as 
follows. For I G and small z 



(82) Y±(z 



IXj) = ± 



{Inij ) 



(±5,)'ln(z)°'iY,e,(z) 



+ By(z) 

{Irrij ) 



-Bijiz) (/-I, 2,, 



where the power o/ ln(z) is one iff 1(3 j G Z, anrf A;j,B;j are analytic for small z. 
The functions Yk are, in addition, analytic at p — IXj , I G N^, iff, exceptionally, 



(83) 5,=r,r(/3;.)(Ai,,)^.(0)-0 

where rj — 1 ~ if Wj ^ ^ 'f^'^ = — 27ri otherwise. The Sj are Stokes 

constants, see theorem \45[ 

(ii) Yk = Syk; |k| > 1, are analytic in 7?.\{— k' • A + A; : k' < k. 1 < i < n}. For 
I G N and p near IXj, j — 1,2, ... ,n there exist A = Akj/ and B = Bkj; analytic 
at zero so that (z is as above) 



(84) Y±(z + a,)-± (±^,) 



kj + 1 
I 



ln(z)"'^Yk+;e,(^) 



" {Imj) 



lB]^ijiz) 



,^-P'+Vh\lnzr'A^,,{z) 



(Irrij ) 



mko(^) (? = 0,1,2,...) 



where the power o/lnz is iff I — or k • /3 + — 1 ^ Z and Akoj = ^j/^iPj)- 
Near p G {— k' • A : ^ k' < k}, (where Yq is analytic) Yk, k 7^ /lawe convergent 
Puiseux series. 

3.2.3. Averaging. It is possible to take Laplace transforms of Yq along a ray avoid- 
ing R"*" from above or below. However it can be checked that, assuming Yq is 
singular at p = 1 and that the series j/o has real coefficients, neither of them would 
yield a real valued function. 

Let iByk be extended along dj by the "balanced average" of analytic continua- 
tions 



(85) 



Byk 



Yba 
k 



Yk+ 



The sum above coincides with the one in which -I- is exchanged with — , accounting 
for the reality-preserving property. Clearly if Yk is analytic along dj, then the 
terms in the infinite sum vanish and Y^" = Yk; we also let Y^" = Yk if d 7^ dj, 
where again Y^ is analytic. It follows from (|85|l and theorem 031 below that the 
Laplace integral of Y^'^ along R+ can deformed into contours as those depicted in 
Fig. 1, with weight 2^^ for a contour turning around (fc + l)Ai. More generally, 
we consider the averages 



(86) 



Ik 



Yk - Yk 



0-1)+ 
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and correspondingly 

(87) (>Ce)ayk := CYl 

With a G M, this represents the most general family of averages of Borel summation 
formulas which commute with complex conjugation, with the algebraic and analytic 
operations and have good continuity properties ^2]. The value a = 1/2 is special 
in that it is the only one compatible with optimal truncation. 

Note 42. For rank one ODEs the balanced average mentioned above can be shown 
to coincide with the "median" summation of Ecalle, who has introduced and studied 
a wide variety of averages |17| . suitable in more complicated settings. 

Theorem 43. (i) The branches of (Yk)^ in TZi have limits in a C* -algebra of 
distributions, I?J„^(M+) C I?'. Their Laplace transforms in I?^j^(IR+) C{"Y\^)^ 
exist simultaneously and with x Sx and for any S > there is a constant K and 
an xi large enough, so that for 'Si{x) > x\ we have |£(Yk)^ (a;)| < KS^^^ 

In addition, Yk(pe"^) are continuous in Lp with respect to the T>[^ ^ topology, 
(separately) on [ipn — Stt, 0] and [0, V'2]- 

Ifm > maxi(mi) andl < mini t/ien Yo(pe"^) is continuous imp [0, 2TT]\{(pi : 
i < n} in the I?^^(IR+,Z) topology and has (at most) jump discontinuities for 
Lp — ipi. For each k, |k| > 1 and any K there is an I > and an m such that 
Yfe(pe"^) are continuous in ip € [0, 27r]\{</5i; — k' • A + : i < n, k' < k} in the 
T)'^ ^{{Q,K),l) topology and have (at most) jump discontinuities on the boundary. 

(ii) The sum J^H,^) converges in T>'^ ^ (and coincides with the analytic continu- 
ation of Yk when Yk is analytic along R"*" j. For any S there is a large enough 
Xi independent of k so that "Y^ip) with p G TZi are Laplace transformable for 
3ff(xp) > xi and furthermore |(£Y^")(a:;)| < S^^^ . In addition, if d ^ R+, then for 
large v, Yk G L]^[d). 

The functions Z^Y^"^ are analytic for ^{xp) > xi. For any C e C"^ there is an 
Xi(C) large enough so that the sum 

(88) y = CY^o" + C^e-^'^''x-^ >^CYl^ 

|k|>0 

converges uniformly for ^{xp) > Xi{C), and y is a solution of ^56)) . When the 
direction of p is not the real axis then, by definition, Y^ — Yk, £ is the usual 
Laplace transform and becomes 

(89) y = CYo + J2 C^e-^'^-'x-^ '^CYi, 

|k|>0 

In addition, CY^ ^ yk for large x in the half plane di{xp) > xi, for all k, 
uniformly. 

Hi) The general solution of j56)) that is asymptotic to yo for large x along a ray 
in Sx can be equivalently written in the form I SSI) or as 

(90) y = CY^ + J2 C^e-^-^-'x-^ '^CY^ 

|k|>0 
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for some C (depending on the solution and chosen form). With the convention 
binding the directions of x and p and the representation form being fixed the repre- 
sentation of a solution is unique. 

Theorem 44. i) For all k and 3fi(p) > j, > as well as in ^ we have 



(91) 



±0'-l)T 



ip) = (±^l)^ 



ki + 3 



31 (P - j) 



{mj) 



id also, 



(92) Yi=Y^+J2 P I (±^i)^ (Yj+,e, iP - J))^"-^^ 

j>i \ ^ 

ii) Local Stokes transition. 
Consider the expression of a fixed solution y of 156]) as a Borel summed transseries 
123). As arg(a:) varies, changes only through C, and that change occurs when 
the Stokes lines are crossed. We have, in the neighborhood ofW^, with Si defined 



( C = C(-0) /or e < 

(93) C(0 - <^ CO = C(-0) + i^iei for^ = 

[ C+ = C(-0) + 5iei /or e > 

Remark 12. In view of 1^91}} the different analytic continuations o/ Yq along paths 
crossing M"*" at most once can be expressed in terms of Yjei . The most general 
formal solution of \5b]) that can be formed in terms of"Yje. with j > is ^79^ with 
Ci = a arbitrary and Cj — for J 7^ 1. Any true solution of f56|) based on such a 
transseries is given in 1^90\) with C as above. Any average AYq along paths going 
forward in M+ such that CA^Yq is thus of the form jST)) . 

Theorem 45. Assume only Ai lies in the right half plane. Let 7* be two paths in 
the right half plane, near ±iM+ such that \x~^'^~^^e~'^^'^\ — > 1 as x ^ 00 along 7*. 
Consider the solution y of ^56)) given in iSSp with C = Cei and where the path of 
integration is p G K+ . Then 

(94) y = (C ± ^S'i)eia;"ft+ie-^^i (1 + o(l)) 
for large x along 7*, where Si is the same as in f8!^) . fy^lp . 

Proposition 46. i) Let yi and yi be solutions of i)56]] so that yi_i ^ yo for large x 
in an open sector S (or in some direction d); then yi~y2 = X)j Cje~^'^''x~^''^ 
0(1)) for some constants Cj, where the indices run over the eigenvalues Xi- with 
the property ^{Xi.x) > in S (or d). If yi — y2 = o(e~^'3^a;~'''j ) for all j, then 
yi = y2- 

ii) Let yi and y2 be solutions of \54}) and assume that yi ~yi has differentiable 
asymptotics of the form Tiaexp{—ax)x^{l + o(l)) with ^{ax) > and K 7^ 0, for 
large x. Then a = Xi for some i. 

Hi) Let Uk G for all k., |k| > 1. Assume in addition that for large v there 
is a function 5{v) vanishing as v ~* go such that 
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(95) supS-^^^ [ \lJkip)e-'P\ d\p\ < K < oo 

k Jd 

Then, if yi , y2 are solutions of in S where in addition 

(96) yi - y2 = ^ e-^-k-x™ '' f Uk(p) exp{-xp)dp 

|k|>i •^'^ 

where A, a; are as m (^n^^j, then yi = y2, a77.c? Uk = for all k, |k| > 1. 

Given y, the value of Ci can change only when ^+arg(Ai — k-A) = 0, fc^ e NU{0}, 
i.e. when crossing one of the (finitely many by (cl)) Stokes lines. The procedure is 
similar to the medianization proposed by Ecalle, but (due to the structure of l|56(l ^ 
requires substantially fewer analytic continuation paths. Resurgence relations are 
found and in addition we provide a complete description, needed in applications, 
of the singularity structure of the Borel transforms of yk- 

3.2.4. More general equations amenable to first rank. Examples. Many classical 
equations which are not presented in the form studied in § 12.11 can be brought to 
that form by elementary transformations. We look at a few examples, to illustrate 
this and the normalization process. 
(1). The equation 



(97) /' + 2x/ = 1 

for large x is not of the form l|54|) . It can nevertheless be brought to that form by 
simple changes of variables. The normalizing change of variables of a given is most 
conveniently obtained in the following way. 

A transformation which brings the equation to its normal form also brings its 
transseries solutions to the form 

It is simpler to look for substitutions with this latter property, and then the first 
step is to find the transseries solutions of the equation. 

At level zero, differentiation is contractive and thus, within power series there is 
a unique solution of H97|l . obtained as a fizxed point of 

(98) / = ---/' 

X X 

Denoting this series by fi we look for further transseries solutions in the form 
/ = /i + 5. We get 



(99) S' + 2xS^0 

where we look for higher level transseries solutions (we choose to ignore the fact 
that 1)991) is solvable explicitly). We therefore take 6 = and look for level zero 
solutions. We have w' + 2x = with the one parameter family of solutions w = 
-x'^/2 + K. Therefore 



(100) 



/ = /i + Ce-^'/'- 
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The exponent is supposed to be linear in x which suggests the change of variable 
x'^ = z. In terms of z we get 

(101) g' + g= ^ 



2\/i 

which is not of the required form because of the noninteger power of z. This can 
be easily take care of by the substitution g = \fzh which leads to 



(2) A simple Schrodinger equation in one dimension (the harmonic oscillator) 



(103) y" - x'y = Xy 

A convenient way to find transseries solutions is to use a WKB-like procedure. 
Substituting y{x) = in one obtains 



g' = ±^/X + x^ -g" 

which is a contractive equation in the space T^^\ cf. S 12.0. II It follows in particular 
that g' ^ ±x + 0{l/x) and thus lny{x) = ±\x'^ + 0(lna;). Since for the 
exponentials have linear exponents, the natural variable of (|1(J3|I . for our purpose, 
\st=\x'^. In this variable, H103|l becomes 



(104) 

which in vector form, with yi — h + h' , y2 = h — h' , reads 



The matrix C can (always) be diagonalized, by taking y = (/ + t^^S)Y for a 
suitable matrix S, and the diagonalized matrix is 5 = diag(Cii, 022)- Indeed, the 
equation for S is AS — SA ^ B ~ C , which can be solved whenever the eigenvalues 
of A are distinct. The normal form of (|105|l is thus 

(106) y' =[k + \c^y + t-mt-')y 

with g analytic. 

(3) A nonintegrable case of Abel's equation 

(107) w' = w'^ - z 

Power series solutions. As before, (|107|l written in the form 

w = [w' + z)^/^ 

is contractive in T^*'! . By iteration, one obtains the power series formal solutions 
wo = Az^/\l + Wo,kZ''"'/') (A3 = 1). 
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General transseries solutions of jlOT)) . Once we determined wq we look lor possible 
small corrections to lio; since these are usually exponentially small, formal WKB 
is again useful. We substitute w = wq + . The equation for g 

~g^C + V {iwl + iwoe^ + e^^) 

is contractive in any sector where ^{wq) < and in this case oc z'^^^ exp (|A^z^/^) 
Since the exponentials in a transseries solution of a normalized system have 
linear exponent, with negative real part, the independent variable should he x — 
~{9/5)A'^z^/^ and di{x) > 0. Then wq = x^/^ J2T=o'^0;kX^'' , which compared to 
H58|l suggests the change ol dependent variable w{z) ~ Kx^/'^h{x). Choosing lor 
convenience K = ^^/^(— 135)^^^ yields 

(108) h' + ^h + 3h^ - I = 

ox 9 

The next step is to achieve leading behavior 0{x^^). This is easily done by sub- 
tracting out the leading behavior of h (which can be found by maximal balance, as 
above). With h = y + 1/3 — x^^ /15 we get the normal form 

(109) y' = -(l-^)y + g{y,x-^) 



where 

(110) giy,x-')^-3iy^ + y^) + 

(3) The Painleve equation PI. 



1 2/ , 1 



5x 15a;2 25^2 3253x3 



(111) ^ = ^y'+' 

The transformations needed to normalize l)lll|l are derived in the same way as 
in Example 1. After the change of variables 

PI becomes 



(112) h" + -h' -h--h^-^^ = 
^ ' x 2 625x4 

Written as a system, with y = {h, h') this equation satisfies the assumptions in 
§|Owith Ai,2 = ±1, ai,2 = -1/2, and then {{x) = Ce'^'x'^l'^. 

(4) The Painleve equation P2. 

This equation reads: 

(113) y"^2y^ + xy + a 

This example also shows that for a given equation distinct solution manifolds asso- 
ciated to distinct asymptotic behaviors may lead to different normalizations. After 
the change of variables 
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x={U/2f/^- y{x) =x-\th{t) - a) 
one obtains the normal form equation 

Distinct normalizations (and sets of solutions) are provided by 

X = {Atf^, y{x) = [Atf^ {w{t) -B + ^) 
if = -9/8, 52 = -1/2. In this case, 

(115) «," + _+^^H--^-^^j^. 
so that 

1 3Ba 
A, = l,ai = ---- — 

The first normalization applies for the manifold of solutions such that y ^ — f 
(for a = y is exponentially small and behaves like an Airy function) while the 
second one corresponds to y ~ —B — ^x~^^^. 

3.3. Difference equations and PDEs. 

3.3.1. Difference equations. Transseries and Borcl summation techniques can be 
successfully used for difFcrcncc equations. Consider difference systems of equations 
which can be brought to the form 

(116) x(n + 1)=a(^I+ ^A^ x(n) + g(n, x(n)) 

where A and A are constant coefficient matrices, g is convergently given for small 
X by 

(117) g(n,x)= J2 gk(n)x'' 

kGN"* 

with gk('^) analytic in n at infinity and 

m 

(118) gk(n) = 0(n-2) as n ^ 00, if ^ kj < 1 

under nonresonance conditions: Let = (pi, and a = (oi, a„) where e^'''= 
are the eigenvalues of A and the are the eigenvalues of A. Then the nonresonance 
condition is 

(119) (k-/x = mod27ri with k e Z^^) <^ k = 0. 
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We consider the solutions of (|116|l which are small as n becomes large. Braaksma 
and Kuik [Jj [21] showed that the recurrences (|116|l posess /-parameter transseries 
solutions of the form 

(120) x(0 := ^ C^e-'^"H^ ''SLi,{t) 

with t = n where icuin) are formal power series in powers of and / < m is 
chosen such that, after reordering the indices, we have 3?(/Xj) > for 1 < j < L 

It is shown in [7], [20] that these transseries are generalized Borel summable in 
any direction and Borel summable in all except m of them and that 

(121) x(n) = J2 C^e-^ ^'"Ti^''xi,{Ti) 

is a solution of H116(l . if n > yo, large enough. 

3.3.2. PDEs. 

3.3.3. Existence, uniqueness, regularity, asymptotic behavior. For partial differen- 
tial equations with analytic coefhcients which can be transformed to equations in 
which the differentiation order in a distinguished variable, say time, is no less than 
the one with respect to the other variable(s), under some other natural assumptions, 
Cauchy-Kowalevski theory (C-K) applies and gives existence and uniqueness of the 
initial value problem. A number of evolution equations do not satisfy these assump- 
tions and even if formal power series solutions exist their radius of convergence is 
zero. The paper '11' provides a C-K type theory in such cases, providing existence, 
uniqueness and regularity of the solutions. Roughly, convergence is replaced by 
Borel summability, although the theory is more general. 

Unlike in C-K, solutions of nonlinear evolution equations develop singularities 
which can be more readily studied from the local behavior near t — 0, and this is 
useful in determining and proving spontaneous blow-up. 

In the following, = dl\dll...dl''^, |j| — ji + j2 + ■■■ + jd, x is in a poly-sector 

5 {x : I arga;,| < f + |x| > a} in where ip < g (x, {yj}f]jl^o) ^ 
function analytic in {yj}J]|l'g near vanishing as |x| oo. The results in hold 
for n-th order nonlinear quasilinear partial differential equations of the form 

(122) Ut+V{di)u + g{^,t,{diu})=0 

where u G C™, for large |x| in S. Generically, the constant coefficient operator 
V{dx) in the linearization of g(oo,t, •) is diagonalizable. It is then taken to be 
diagonal, with eigenvalues Vj. V is subject to the requirement that for all j < m 
and p ^ in C'' with | argp^j < we have 

(123) 5R7']"l(-p) > 

where 7^'"'(9x) is the principal symbol of V{dx)- Then the following holds. (The 
precise conditions and results are given in 11.) 

Theorem 47 (large |x| existence). Under the assumptions above, for any T > 
U2^} has a unique solution u that for t G [0,T] is 0(|x|^^) and analytic in S. 
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Determining asymptotic properties of solutions of PDEs is substantially more 
difficult than the corresponding question for ODEs. Borcl-Laplace techniques how- 
ever provide a very efficient way to overcome this difficulty. The paper shows that 
formal series solutions are actually Borel summable, a fortiori asymptotic, to actual 
solutions. 

i_ L 

Condition 48. The functions hq^]s^{x., t) anc?r(x, i) are analytic in (x-^ "^,...,a;^ ) 
for large |x| and some N €z N. 

Theorem 49. // Condition \4-S\ and the assumptions of Theorem \4-T\ are satisfied, 
then the unique solution f found there can be written as 

(124) f(x,t)-/ e-P-^'^F,{p,t)dp 

1 1 

where Fi is (a) analytic at zero in (p{'"^ ,...,p^ '*); (b) analytic in p ^ in the 
poly-sector \ aig pi\ < -^^zj'f + '2(n-i) ' * — '^^'^ ('^^ exponentially bounded in the 
latter poly-sector. 

Existence and asymptoticity of the formal power series follow as a corollary, 
using Watson's Lemma. 

Eariler, Borel summability has been shown for heat equation by Lutz, Miyake 
and Schaflce 2T| and generalized to linear PDEs with constant coefficients by Balser 

and in special classes of higher order nonlinear PDEs in 10 . 

3.4. More general irregular singularities and multisummability. The sim- 
ple normalizing procedure described above does not always work; although this 
situation is in some sense nongeneric it plays an important role in some applica- 
tions. In some instances mixed type transseries; for instance, by taking e~^Ei{x) 
which is a solution of a rank one differential equation as the rhs of H97|l we get 



(125) f + 2xf = e-''Ei{x) 

which can be brought to a second order meromorphic equation by using the equation 
of e~^Ei{x), i.e. by adding (|125|l to its derivative, 

(126) Df := /" + (2x + 1)/' + 2(1 + x)f = - 

X 

The power series solution can be obtained contractivcly as in the previous examples. 
For the complete transseries solution, the substitution / = e™ now yields 

1 2 

—w' + xw' + a; = 

which has two solutions of level zero, 

2 1 1 

wi — —x + X + - \nx -\- Ki — ... 

2 2.T 

(127) W2 ^ -X - ^Inx + K2 + + ... 

2 2x 

and thus 

(128) f = fi + C2e-^"+^x^f2 + C3e-^x-5/3 
with /i, /2, /a power series. 
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Clearly, no change of independent variable brings H128|l to the form H58(l . On 
the other hand, neither of variable x nor — x (equivalently, x'^) can be used for 
Borel summation: 

(i) Borel transform in the variable x"^ (or x"^ — x) yields a function that has still 
a divergent power series at the origin. Indeed the the coefficients c„ of the power 
series /i, which satisfy the recurrence relation 

(129) c„+i = [n - 1) c„ + ^c„_i - i(n - 2)c„-2 

(with Co — = ci 0, C2 = ^) grow like n!, while a Borel transform in only 
decreases the growth of the coefficients by a factor of, roughly, (rt!)~^/^. At a 
closer look it can be shown seen that the factorial growth of the coefficients and 
the presence of the term are interrelated. 

(ii) It can be checked that in the variable x, the Borel transform F of the power 
series solution / of (|126|1 is not Laplace transformable because of faster than expo- 
nential growth. Indeed, F satisfies the equation 

(130) 2F'-pF = ^—: F(0) = 

1 -p 

The superexponential growth, in turn, can be related to the presence of +^ in 
the transseries. 

3.4.1. This suggests decomposing the formal power series solution into two parts, 
one summable in the variable x, the other one in the variable x^. We can adjust 
the parameters a and b so that 

(i) The initial condition cq = 0,ci — —a/2, C3 = — | + | in the recurrence H129|) 
of the equation Df — —a — bx^^ implies at most (n!)^^/^ growth of c„ and at the 
same time, 

(ii) The Borel transform of equation Df = a + x^^ + bx^^ has a solution with 
subexponential growth. 

The formal series solution of Df = a;^^ is thus decomposed in a sum of separately 
Borel summable series in the variables and x respectively. That this (rather ad- 
hoc) procedure works is a reflection of general theorems in multisummability. 

3.4.2. Multisummability. A powerful and general technique, that of acceleration 
and multisummability introduced by Ecalle, see |14| and jl5| . adequately deals with 
mixed divergences in very wide generality. The procedure is universal and works in 
the same way for very general systems. 

In the case of solutions of meromorphic differential equations, mixed types of 
diveregence relate to the presence of exponential terms with exponents of different 
powers. Then multisummation consists in Borel transform with respect to the 
lowest power of x in the exponents of the transseries, usual summation S, a sequence 
of transformations called accelerations (which mirror in Borel space the passage 
from one power in the exponent to the immediately larger one) followed by a final 
Laplace transform in the largest power of x. More precisely f |15|): 

(131) £k, o Ak^/k, o • • • o Ak^/k^_,SBk^ 

where {Ckf){x) = {£f){x^), Bk is the formal inverse of £fc, ai £ (0,1) and the 
acceleration operator Aa is formal the image, in Borel space, of the change of 
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variable from x" to x and is defined as 

/>oo 

(f32) Ao,(p= I CJ-,s)(p{s)ds 







and where, for a € (0, 1), the kernel Ca is defined as 



1 



(133) c„(Ci,C2):=;^ / e^^^-'^^^^dz 

where we adapted the notations in ^ to the fact that the formal variable is large. 
In our example, q — 2, k2 — I, ki — 2. 

In 0] Braaksma proved of multisummability of series solutions of general non- 
linear meromorphic ODEs using Borel transforms in the spirit of Ecalle'e theory. 

Note 50. (i) Multisummability of type 1^1 clip can be equivalently characterized by 
decomposition of the series into terms which are ordinarily summable after changes 
of independent variable of the form x x"' . This is shown in [T] where it is used 
to give an alternative proof of multisummability of series solutions of meromorphic 
ODEs, closer to the cohomological point of view of Ramis and Sibuya. 

(a) More general multisummability is described by Ecalle |15j . allowing, among 
others, for stronger than power-like acceleration. This is relevant to more general 
transseries equations. 

(Hi) We expect that the finite generation property of transseries allows for the co- 
homological approach (i) combined with (ii) to prove multisummability of transseries 
solutions of more general contractive equations, in the sense of Theorem \15l This 
would give a rigorous proof of closure of analyzable functions under all natural 
operations in the sense of Ecalle. 
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